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Common and Emerging FP Formats in HPC & Al

mthey offer various tradeoffs in terms of range, precision & performance
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Motivation

Stochastic Rounding

Applications Error Analysis

Stagnation: DL [1], Climate Simulation [2]: Bounds in O(ﬁu) [4]

Unbiased [3]

PDEs Lorenz System

instead of O(nu)

1] Gupta et al: Deep Learning with Limited Numerical Precision
Paxton et al: Climate Modeling in Low Precision: Effects of Both Deterministic and Stochastic Rounding

Parker: Monte Carlo Arithmetic: Exploiting Randomness in Floating-Point Arithmetic
El Arar: Stochastic Models for the Evaluation of Numerical Errors 3/16
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3
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Stochastic Rounding

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), \5\<up .— 1-p
SRy(xopy) = (xopy)1 + /), |f|l<u,
1 —
q() X 1) R Fxﬂp, with prob. g(x) X — |x Jp
| . SR = . g(x) = —=——
LxJp [ﬂp F x|, with prob. I —g(x) [x], = 1x]

 Introduced by Forsythe in 1950

not exceeding #. The present author proposes a random round-off, whereby any real
number % = [#]+v is “rounded up” to [#]+1 with probability v, and “rounded down”
to [#] with probability 1 —v. The error r of random round-off is truly a random vari-

able. Since E(r)=0 and E(r?)=9(1—v)=<1/2, simple probabilistic bounds on the
accumulated error can be given without assuming a distribution for v. Tests with

 Of interest in recent years due to use in Deep Learning
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Stochastic Rounding

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), \5\<up .— 2 1-p
SRy(xopy) = (xopy)1 + /), |f|l<u,
1 —
q() X 1) R Fxﬂp, with prob. g(x) X — |x Jp
| o >|7 SR = _
| x| [x] 7 p . x|, with prob. I — g(x) 7 X1, = 1x],
p p

 Introduced by Forsythe in 1950

not exceeding #. The present author proposes a random round-off, whereby any real

number % = [#]+v is “rounded up” to [#]+1 with probability v, and “rounded down”
to [u] with probability 1—v. The error r of random round-off is truly a random vari- - Graphcore [PUs

able. Since E(r) =0 and E(r?)=v(1—v) <1/2, simple probabilistic bounds on the s AMD MI3O00 GPUs
gc(;_un}tl_lated error can _be givgn without assuming a distribution for v. Tests with . Tesla D1

« Amazon Trainium
« NVIDIA Blackwell

Emerging HW support

 Of interest in recent years due to use in Deep Learning

4/16



Stochastic Rounding
w, = 27"

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), 16| < D
SRy(xopy) = (xopy)(1 + /), |fl<u,

o :
q(x) N q(x) R X p» with prob. g(x) x— |x]
w7 R = 1) = ,,
. x1, - L

LxJp [ﬂp F X] s with prob. 1 — g(x)

P

Advantages

+ roundoff errors with zero mean &
error cancellation in long comp. chains

+ tends to avoid stagnation effects

+ total roundoff error grows more slowly

with problem size n than with classic
deterministic rounding (e.g. round to nearest (RN))

0 (Vnu, )vs O ()

4/16



Stochastic Rounding
w, = 27"

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), 16| < D
SRy(xopy) = (xopy)(1 + /), |fl<u,

- |
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e Sy = 19 =TT
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+ roundoff errors with zero mean &

. . — lack of reproducibility
error cancellation in long comp. chains
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+ total roundoff error grows more slowly — inability to use true randomness
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Stochastic Rounding
w, = 27"

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), 16| < D
SRy(xopy) = (xopy)(1 + /), |fl<u,

- |
q(x) N q(x) R X p» with prob. g(x) x— |x]
e Sy = 19 =TT

LxJp [ﬂp 5’7'1, X] ) with prob. 1 — g(x) [x],— Ix],

Advantages Limitations

+ roundoff errors with zero mean &

. . — lack of reproducibility
error cancellation in long comp. chains

+ tends to avoid stagnation effects — increased computational overhead

+ total roundoff error grows more slowly — inability to use true randomness

with problem size n than with classic
deterministic rounding (e.g. round to nearest (RN))

O (\/ﬁup)vs 0 (mtp) How can we show this?
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Ingredients

Definition (Mean Independence) A rv X is mean independent of therv Yif E(X|Y) =

of rvs Xy, X, .-

. IS mean independent if

.o Xk—l) —

- (X)) for all k.

~(X). The sequence
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(X Y) =

of rvs X, Xj, ... is mean independent if E(X, | X, ..., X;_;) = E(X}) for all k.

~(X). The sequence

Definition (Martingale) A sequence of rvs My, ..., M, is a martingale with respect to the sequence of rvs

X, ..., X, if, for all k:
(@) M, is a function of X, ..., X;;
(b) E(| M|) < o0;
(c) EM| Xy, .... X)) = M,_;.
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Ingredients

Definition (Mean Independence) A rv X is mean independent of the rv Y if E(X|Y) = E(X). The sequence
of rvs X, Xj, ... is mean independent if E(X, | X, ..., X;_;) = E(X}) for all k.

Definition (Martingale) A sequence of rvs M,,, ..., M, is a martingale with respect to the sequence of rvs
X, ..., X, if, for all k:

(@) M, is a function of X, ..., X;;

(b) E(| My |) < oo;

(c) EM, | Xy, .-, X)) = M,_;.

Lemma (Azuma-Hoeffding) Let My, ..., M, be a martingale wrt X, ..., X . We assume there exist ¢, > 0O s.t.
(M, —M,_,| <aq,fork=1,...,n Then, forany 4 > 0

Pl IM,—M,| > Zak 2exp /12/2).

5/16



Proof Sketch [1]

/ The computations of interest generate rounding errors 0, 0,, ...
Mean independence The 0, are rvs of mean zero such that

of rounding errors (0] 045 -2, 0_1) = E(6) =0
\

[1] Stochastic rounding and its probabilistic backward error analysis, M. P. Connolly, N. J. Higham, T. Mary, SISC, vol. 43, No. 1, pp. A565-A585, 2021 6/16
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Mean independence The 0, are rvs of mean zero such that
of rounding errors (0] 045 -2, 0_1) = E(6) =0
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_ - k
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T i=1
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Proof Sketch [1]

/ The computations of interest generate rounding errors 0, 0,, ...

Mean independence The 0, are rvs of mean zero such that
of rounding errors (0] 045 -2, 0_1) = E(6) =0
\
R k
Obtain a martingale My=0,M, = Z o;fork > 1
T i=1

H(l +0)=1+0,,10,| < M\nu,+ O(u]?) with probability at
i=1

least 1 — 2 exp (—/12/2)
Get O (\/Zup) probabilistic error fy = a’b, where a, b € R", is evaluated using SR, then the

computed result y satisfies

A T
— b
ly—y| < \a\T\ | (/1 nup+0(u§))
|y la’h|

with the same probability
[1] Stochastic rounding and its probabilistic backward error analysis, M. P. Connolly, N. J. Higham, T. Mary, SISC, vol. 43, No. 1, pp. A565-A585, 2021 6/16

bound using Azuma-Hoeffding




Stochastic Rounding

Forx,yE[RandopE{+,—,><,/,\/_} SRy(x) = x(1 + 0), 0]
SR,(xopy) = (xopy)1+p), |[p]

- y
q(x) N q(x) R x|, with prob. g(x) x— |x]
Y N I 0= T

LxJp [ﬂp 5’7']9 X] ) with prob. 1 — g(x) [x],— Ix],

What do we need to implement it?
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Stochastic Rounding
w, = 27"

Forx,yE[RandopE{+,—,><,/,\/_} SR,(x) = x(1 + 0), 16| < D
SRy(xopy) = (xopy)(1 + /), |fl<u,

- |
q(x) N q(x) R X p» with prob. g(x) x— |x]
e Sy = 19 =TT

LxJp [ﬂp 5’7'1, X] ) with prob. 1 — g(x) [x],— Ix],

p+r

What do we need to implement it? \ “ ; v %
. T p . r :
« A stream of random bits : '
. 1 rand

- An accurate view of x (or x op y) _ ; [ ] non-random bits

random bits
] o — ]
D zero bits

7/16



SR Example: EBM4(p = 5)

P r

] [T ToTo e T o
o]

B [T ToT TeTo o
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SR Example: EBM4(p = 5)

1% r

Lo ][ ToT o[+ [ To oo T To '
ofrjofr

B [ LT ToTol o T

How many random bits 7 (i.e., extra precision) are needed?
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Limited Precision Stochastic Rounding

x|, with prob. 1 — g(x) [x], = Lx],

X . with prob. g(x) x—|x]
SRP(X) — g(x) =
R

Exact

=(SR,(x)) = x (unbiased)
V(SR,(x)) < x*u)/4
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Limited Precision Stochastic Rounding

X . with prob. g(x) x — |x]
SRp(x) = (x) = -
l-q() q(x) n p) x|, with prob. 1 — g(x) ! [x], = Lx],
[x], flp4r(x) [x], 7 [x] , with prob. g (x) flp ()= [x]
SR, () =<4 " T =TT
ijp, with prob. 1 — g (x) p p
Exact Limited Precision
=(SR,(x)) = x (unbiased) = (SR, (x)) = fl,4,(x) (biased)
V(SR,(x)) < x*u)/4 V(SR,, /(X)) < x°u;/4
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Limited Precision Stochastic Rounding

X . with prob. g(x) x— [x]
SRp(x) = g(x) =
R

x| ,  with prob. 1 — g(x) [x], = Lx],
X P
P

N T

P [x],,  with prob. g,(x) flp ()= [x]
SR, (x) = .
ijp, with prob. 1 — g (x)

Sufficient values for r

flpr(x) = x(1 4 ). suchthat] /] < T - Conversion of precision t > p number t—p
+ SRy, (%) = x(1 + 0),such that |0] < u, . Addition e —e
e mean independence property is lost « Multiplication p

=86y, .. 8,_1) = P # E(8)) » Division unbounded
+Pris arvand E(fy) = E(5;) How do smaller r affect the 0(\/Zup) bound?
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Limited Precision Stochastic Rounding

We can show the following result about mean independence

Lemma [1]. Let 0y, ..., 0, be random errors produced by a sequence of elementary ops

using SR, .and let p,, ..., p, be their corresponding errors incurred by fl,,.,.

Then, the rvs o, = 0, — f,, for | < k < n are mean independent

(. |y, ...,0_1) = E(ay) =0

Moreover, forall 1 <i < n,
n

[[a+6)= ﬁ(l +a) + B,

with | 5| < v,_i(u, + 1,,,) — 7,11 (), where y, (x) = (1 + x)" — 1

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069, to appear in SISC 10/16



Limited Precision Stochastic Rounding

Theorem [1]. If y = a'b, where a, b € R", is evaluated using SR, ,, then the computed

result y satisfies

‘y_j}\‘ ‘a‘T‘b‘ o) o)
N < 7D (ﬂﬁup+nup+r+ O(u, + up+,,))

with probability at least 1 — 2 exp(—12/2).

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069, to appear in SISC 10/16



Limited Precision Stochastic Rounding

Theorem [1]. If y = a'b, where a, b € R", is evaluated using SR, ,, then the computed

result y satisfies

‘y_j}\‘ ‘a‘T‘b‘ o) o)
N < 7D (ﬂﬁup+nup+r+ O(u, + up+,,))

with probability at least 1 — 2 exp(—12/2).

ﬁa +65,) = ﬁa + o) + B,
k=i k=i

Proof Idea.

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069, to appear in SISC 10/16



Limited Precision Stochastic Rounding

Theorem [1]. If y = a'b, where a, b € R", is evaluated using SR 5.~ then the computed

result y satisfies

ly=31 _ la|"|b] (
< M/ nu, + nu ,,+0u + u ,,)
ST S aapy B e+ O+ i)

with probability at least 1 — 2 exp(—12/2).

Proof Idea.

ﬁ(l +65,) = ﬁa + o) + B,

= P ~_

Martingalelargument | B | < Vi1 (W, + 1) = ¥ ()
O(\/nu,) O(nu,,,)

\ /

O(\/Eu +nu,, )

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069, to appear in SISC 10/16



Limited Precision Stochastic Rounding

Theorem [1]. If y = a'b, where a, b € R", is evaluated using SR 5.~ then the computed

result y satisfies

ly=31 _ la|"|b] (
< M/ nu, + nu ,,+0u + u ,,)
ST S aapy B e+ O+ i)

with probability at least 1 — 2 exp(—12/2).

O(/nu,+nu,,.)

Good rule of thumb for choosing r in length n summation chains:

Vnu, > nu,,, = r > [(log,n)/2]

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069, to appear in SISC 10/16



Numerical Experiments

«Recursive summation (srfloat)
«Rosenbrock function minimisation (srfloat)

-Parameter update in DNN training (mptorch)

SR, simulation tools:

‘https://qgithub.com/sfilip/srfloat

https://github.com/mptorch/mptorch

11/16


https://github.com/sfilip/srfloat
https://github.com/mptorch/mptorch

Recursive Summation

Relative forward error Bounds with 1 — 2 exp(—4%/2) = 0.9

«binary16 (p = 11 ) arithmetic
. elements sampled from U([0,1])

10—3 - 4 10-3 | |
.1 close to [(logz 6,000)/21 =7
works well
10—6 | | | | 10—6 | | | |
0 2,000 4,000 6,000 0 2,000 4,000 6,000
n n
—6— RN —e— SR11,3 - %= SRi11,6

—=-SR11,7  -9- SRu1,s -4 SRa1 0

12/16



Rosenbrock Function
f(x1,22) = (1 — x1)2 + 100(xo — m%)z,

xo = (0, 0) xo = (0.5,0.5)

« GD update rule (#, = 0.001):

Xp+1 = Xk — e Vf(Xk),

| f(xk) — f(x*)]

.r close to |(log, 6,000)/2| =7

works well

1075 2,000 1,000 1073 =5 2,000 4,000
k k
binary64 RN —O— binary16 RN —e— SR11.3 -#%- SR116
—&— SRq1,7 -4- SRi118 --A-- SR11,10
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Parameter Updates in DNN Training

 Training a ResNet32 model on CIFAR-10
 Hyperparameters

- Batch size: 128, momentum: y = 0.9

Training loss Validation accuracy

 Training time: 64,000 iterations \ ‘ \ \ \
0.4 - vl

(200 epochs) oo i

Accuracy

0.9

+LR: £, = 0.1, reduced by 10 at 32,000

and 48,000 iterations 2 0 ) TV
—

- bfloat16 (p = &) arithmetic m

- Update rule: ol - 07

1 J ) J J

Vi+1 :O(,uvk—l—gk), 100 120 140 160 180 200 100 120 140 160

Epochs Epochs
Xkp+1 = O(Xk — tkVi41),

- Q- SR8,8 e SR8,12 e SRS,

r > |(log, 64,000)/2| = 8

binary32 RN —6— bfloat16 RN —e— SRsg 3

15

180

200
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MPTorch: Simulation Support for MP Training

m|ibrary/simulation support for low/mixed precision training is limited
- QPyTorch [1]: applies quantization on operands for FP32 arithmetic kernels

Limitation: not an adequate simulation of low precision training hardware

[1] QPyTorch: A Low-Precision Arithmetic Simulation Framework, Zhang et al., arXiv:1910.04540, 2019
[2] MPTorch and MPArchimedes: Open Source Frameworks to Explore Custom Mixed-Precision Operations for DNN Training on Edge Devices, Tatsumi et al., ROAD4NN 2021

[3] MPTorch-FPGA: a Custom Mixed-Precision Framework for FPGA-based DNN Training,S. Ben Ali, S.-I. Filip, O. Sentieys. G. Lemieux, IEEE/ACM DATE conference, Mar 2025 15/16



MPTorch: Simulation Support for MP Training

m|ibrary/simulation support for low/mixed precision training is limited
- QPyTorch [1]: applies quantization on operands for FP32 arithmetic kernels

Limitation: not an adequate simulation of low precision training hardware

MPTorch [2,3]

= PyTorch-based extension for low/mixed precision training (& inference) simulation

« mix of C++, CUDA C++, HLS, and Python
. precision and format at the operator level for inference (FWD) and training (BWD)
- facilitate research into low/mixed precision DNN training accelerators

= support for various number formats and rounding modes:
. floating-point, fixed-point, block floating-point, logarithmic,...
- round to nearest, stochastic rounding,...

= also: Transformer-based architectures + IEEE-P3109 WG FP8 formats

[1] QPyTorch: A Low-Precision Arithmetic Simulation Framework, Zhang et al., arXiv:1910.04540, 2019
[2] MPTorch and MPArchimedes: Open Source Frameworks to Explore Custom Mixed-Precision Operations for DNN Training on Edge Devices, Tatsumi et al., ROAD4NN 2021

[3] MPTorch-FPGA: a Custom Mixed-Precision Framework for FPGA-based DNN Training,S. Ben Ali, S.-I. Filip, O. Sentieys. G. Lemieux, IEEE/ACM DATE conference, Mar 2025 15/16



MPTorch: Simulation Support for MP Training

m|ibrary/simulation support for low/mixed precision training is limited
- QPyTorch [1]: applies quantization on operands for FP32 arithmetic kernels

Limitation: not an adequate simulation of low precision training hardware

&6 Host

MPTorch-CPU
C++ Kernel

MPTorch-FPGA
HLS Kernel

[1] QPyTorch: A Low-Precision Arithmetic Simulation Framework, Zhang et al., arXiv:1910.04540, 2019
[2] MPTorch and MPArchimedes: Open Source Frameworks to Explore Custom Mixed-Precision Operations for DNN Training on Edge Devices, Tatsumi et al., ROAD4NN 2021
[3] MPTorch-FPGA: a Custom Mixed-Precision Framework for FPGA-based DNN Training,S. Ben Ali, S.-I. Filip, O. Sentieys. G. Lemieux, IEEE/ACM DATE conference, Mar 2025

MPTorch-GPU
CUDA Kernel
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Limited Precision Stochastic Rounding [1]

{ x|, with prob. q(x) x— |x]
SR,(x) = | g(x) = — ;
l-q() q(x) o x|, with prob. 1 — g(x) [x], = Lx],
LxJp fl,(x) [ﬂp I, - [x‘\p, with prob. g .(x) ) tlp ()= [x]
SR, (x) = . ' x] — |x]
LxJp, with prob. 1 — g,(x) p p
Exact Limited Precision
=(SR,(x)) = x (unbiased) =(SR,, (x)) = fl,4,(x) (biased)
V(SR,(x)) < x*u)/4 V(SR,, /(X)) < x°u;/4
O(\/Zup) bounds O(\/Zup + nu,, ) bounds

r > |(log,n)/2|
Thank you! Questions?

[1] Probabilistic error analysis of limited-precision stochastic rounding, E.-M. El Arar, M. Fasi, S.-I. Filip, M. Mikaitis, arXiv 2408.03069 16/16



Classic MAC Unit Design

Multiply-Accumulate (MAC) Unit Design

Spr € My Sy, €, 1M
By + Dy Jf Em+pmjf
Multiplier
E + % | —
atPa I Z = XY + Z
\ 4
Adder Central to performing dot product
and matrix multiplication
Ea +pa SZ’ eZ’ mZ
Register
Ea + P, , Syo Eyps My,
/

\4



Classic MAC Unit Design with SR

Multiply-Accumulate (MAC) Unit Design

SoCoM,. S e m

y> oy y
(Pseudo) Random

Number Generator

Multiplier rand ‘
b g ”J“ z=9SR (xy+w)
\ 4
Adder Central to performing dot product
and matrix multiplication
Ea+pa /l/sz’ eZ’ mZ
Register
Ea + P, , Sy Eyps MM,
/

\4



Classic MAC Unit Design with SR

Multiply-Accumulate (MAC) Unit Design Adder Architecture

E, +p, E, +p,

%pa+r—1

z=SR(xy+w)

Central to performing dot product

and matrix multiplication
mo(xy+w)




Classic MAC Unit Design with SR

Classic SR Design Toy Example: @ + b
mx-y m,,

_ 3

Pa /j/pa_l_r_l a—1.111(2)°2

— S




Classic MAC Unit Design with SR

Classic SR Design Toy Example: @ + b
mx'y m,, -
————— significand
Pa f A Patr—1  _L==7" a=1.1114,,-2° alignment g = 1.111000,, - 2°
' o - b=1.101, - 2° b =0.001101,,, - 28
. = 11Ul = U @)
______________ significand addition g + h = 1(),()()()1()1(2) . 23
p,T7r % B
Normalize rand
Pa +r—1 /l/ mo(xy+w)
r A
Round <«

pa_l% mZ



Classic MAC Unit Design with SR

Classic SR Design Toy Example: @ + b
m,., m,
significand
Pa ¥ Y patr—1 a=1.111, -2° alignment a =1.111000,, - 2°
— >
\ 4 \ 4 _ 5 . 8
significand addition g + h = 1()()()()1()1(2) . 28
PaT % -------------------------- l normalization
Normalize rand a+ b =1.0000101,, - 27
p,+r—1 % Mo T
r A
Round «

pa_l% mZ



Classic MAC Unit Design with SR

Classic SR Design

mx.y m

w

\ 4
\ 4
\ 4
g
s 2
\ 4
\ 4 — —
. xup X . X — Xdown
»° Pdown = pup_x —
P up — “down up down
e’ X /\l
o 2
@
Xdown xup

How can we implement this in hardware?




Classic MAC Unit Design with SR

Classic SR Design

m., m,, D non-random bits

Pa ¥ ¥ p+r-1 D random bits

v v D zero bits
+ o
o |
s -
a ) ’ @ - n )
o N . N .
Y s g + Pa— 1 r

Normalize .* ; :
rand | rad |
'¢" _ .
pa+7‘— 1 mo(xy_l_w) "¢ - :
s r ¥ _
- S i —

— m o o o
Pa— 1 Jf : How can we implement this in hardware?



Classic MAC Unit Design with SR

Classic SR Design Toy Example: a + b
mx'y m,,
significand
Pa N A Patr=1 a=1.1114,-2%  aignment g =1.111000,, - 2°
—_—
v v B 5 B ]
significand addition g + h = 1()()()()1()1(2) . 28
PaT % l normalization
Normalize rand a+ b =1.0000101,, - 27
p,+r—1 % Myrwy | ammm=====T l add random bits
- J-+ --------------
Round - a+ b =1.0000101,, - 2°
_________ rand = ().00011()1(2) . 29
p,— 1 % mo T Tmeeaa L round
------------ SR(a + b) = 1.001 5, - 2°



Classic MAC Unit Design with SR

Classic SR Design Toy Example: a + b
mx'y m.,,
significand
Pa N A Patr=1 a=1.1114,-2%  aignment g =1.111000,, - 2°
—_—
v v B 5 B ]
significand addition g + h = 1()()()()1()1(2) . 28
PaT % l normalization
Normalize rand a+ b =1.0000101,, - 27
p,+r—1 % Myrwy | ammm=====T l add random bits
- J-+ --------------
Round - a+ b =1.0000101,, - 2°
_________ rand = (0.00001 10(2) . 29
p,— 1 % mo T Tmeeaa L round
------------ SR(a + b) = 1.000,,, - 2°



Classic MAC Unit Design with SR

Classic SR Design
m., m,, D non-random bits
Pa ¥ ¥ p+r-1 D random bits
\ v D zero bits
+ o

S 4
S 4
a S o
Normalize .* : :
rand__ - | rad }

o .

pa+r—l% My (eyw) . =
v /

e L] i E—

Round a
----------------------- This is still expensive!
Pa — 1 /l/ m,




Classic MAC Unit Design with SR

Classic SR Design (lazy)

m., m,, D non-random bits
random bits
Pa X N p,+r—1 |:I
\ 4 v D zero bits
+ ’
. o
. o
. o
oo
. o ° +
p,t+r ,° (xy+w) :
v A i 3
e’ N/ : \ ;
> ¢ g T Pa— 1 . r
Normalize e’ i
rand - - and |
'¢" .
Patr—11 My .’

o’ % .
e ] —

-mm=msmmmm=============="  This is still expensive!

Round <

pa_l mZ

Idea: start rounding process early

[1] A Stochastic Rounding-Enabled Low-Precision Floating-Point MAC for DNN Training, S. Ben Ali, S.-I. Filip, O. Sentieys., in proceedings of the 2024 IEEE/ACM Design, Automation
and Test in Europe (DATE) conference, Mar 2024



Eager MAC Unit Design with SR

Classic SR Design (lazy) Proposed SR Design (eager)

Ty " Ty /N/ p,+r—1
g ,+r—1 )2 ’
P % %p % *pa+1 r—2
¥

[1] A Stochastic Rounding-Enabled Low-Precision Floating-Point MAC for DNN Training, S. Ben Ali, S.-I. Filip, O. Sentieys., in proceedings of the 2024 IEEE/ACM Design, Automation
and Test in Europe (DATE) conference, Mar 2024



Eager MAC Unit Design with SR

Classic SR Design (lazy) Proposed SR Design (eager)

w
m,. m m,.
Xy W oY A patr—1
/ / p,+r—1 1 4 |
Pa , A Pa v *Pa+1 r—2
v v v //
+ + rand
%
Pyt 7 /J/ A7
2
Normalize rand
A 2 2
r A

Rounding performed in two stages

[1] A Stochastic Rounding-Enabled Low-Precision Floating-Point MAC for DNN Training, S. Ben Ali, S.-I. Filip, O. Sentieys., in proceedings of the 2024 IEEE/ACM Design, Automation
and Test in Europe (DATE) conference, Mar 2024



Eager MAC Unit Design with SR

Classic SR Design (lazy) Proposed SR Design (eager)

w
My T My /N/ p,+r—1

Eager design has smaller
normalization block

[1] A Stochastic Rounding-Enabled Low-Precision Floating-Point MAC for DNN Training, S. Ben Ali, S.-I. Filip, O. Sentieys., in proceedings of the 2024 IEEE/ACM Design, Automation
and Test in Europe (DATE) conference, Mar 2024




Hardware Synthesis Results
FP12 (6,5) accumulator with SR

P ®
Synthesis results obtained using _— * FP16 RN
Ao P12 SR lazy, 9
FDSOI 28nm technology
e [PI2 SR lazy, 18
hi o d 14.2° . — 7007 & FPI2 SR eager, 9 .
Ac leve up to 18.5% and 14.2% savings o e FP12 SR eager, 18
in area and energy =
= |arger savings for larger r (9 vs 18 here) S 650
~ o
<
Can report up to 32.2% delay reduction 600 -
A
500 1 R
0.50 0.55 0.60 0.65 0.70

Energy (nW /MHz)



