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Modern hardware

Where are the silicons dedicated to:

Blackwell 200
FP8 4.5/9 petaFLOPS
FP16/BF16 2.2/4.5 petaFLOPS

FP32 75 teraFLOPS

FP64 37 teraFLOPS

memory Up to 192 GB
bandwidth 7.7 TB/s

Blackwell 300
4.5/9 petaFLOPS
2.2/4.5 petaFLOPS
75 teraFLOPS
1.2 teraFLOPS
270 GB
7.7 TB/s

NVIDIA Blackwell Architecture Technical Brief (Built for the Age of AI Reasoning)
https://resources.nvidia.com/en-us-blackwell-architecture (accessed 2026-02-17)
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Modern hardware

Where are the silicons dedicated to:

Reduced precision matriz multipliers.

Matrix multiplication

y

Inner product
I (FMA)

Summation

FMA: fused multiply add.
MMA: matrix multiply and accumulate (NVIDIA Tensor Cores).
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System testing

“Anticipatory” errors: “Inadvertent” errors:
o Roundoff errors o Hardware defects
o Algebraic errors o Software bugs
o Discretization errors e Random bitflips

In designing validation tests, we want to suppress the effect of
“anticipatory” errors as much as possible (to keep the “noise”
level down) so that we can better detect the “inadvertent” ones.
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An example

Table 1: Relative errors for calculating s = >, z; using various algorithms at FP64.

no compensation 6op double 6op
22 3.0810E-17 0.0000E+00  0.0000E+00
24 4.727T4E-53 1.3203E-69 1.3203E-69
26 4.4697E-17 5.7065E-20 9.3778E-34
28 6.9736E-17 3.9433E-18 1.1858E-32
210 1.6921E-16 2.1145E-18 3.7625E-33
212 1.6312E-15 2.2531E-17 4.7920E-32
24 2.2156E-16 1.5226E-16 2.9948E-33
216 8.2921E-16 4.3061E-18 2.5255E-32
218 1.4821E-15 1.6615E-17 1.2419E-31
220 8.4132E-15 2.7501E-17 1.3656E-30
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Recursive summation with no compensation
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18 = 0;

2 for i = 1:n

3 s =s + x[i];
4 end

Algorithm 1: Recursive summation.
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Recursive summation with 6op compensation

18 = 0;

2e = 0;

sfor i = 1:n

4 y = e + x[il;

5 [s,e] = add_6op(s,y);
6 end

Algorithm 2: Recursive summation with 6op compensation.
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Recursive summation with double 6op compensation

18 =0;

2 e = O;

3for i = 1:n

4 [t,v] = add_6op(s,x[i]);
5 W o=e + v;

6 [s,e] = add_6op(t,w);

7 end

Algorithm 3: Recursive summation with double 6op compensation.
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add 6o0p ()

Theorem 1 (6op EFT over addition in Dekker’s system)

Under the as if rule’ and nearest rounding, Y,y € D, the following formulas
achieve error free transformation (EFT) z 4+ 2z =z +y:

T The as if rule: The floating point arithmetic operation under consideration are performed as if an intermediate
result correct to infinite precision and with unbounded range has been produced first, and then rounded to fit
the destinati at.
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Dekker’s system

D= {x |z =m(z) x Be(“’), Im(z)| < B, Epin < e(z) < Emax}

o i i i i
cé + + 4+ 1
81 i i i i
0.0 1.0 2.0 4.0 8.0
- ] i ! i
=t t t ! i
S i i i i
0.0 1.0 2.0 4.0 8.0
vy ] i ; i
Ps 'y 1 1 1
£V H H 1 1
B i i i i
0.0 1.0 2.0 4.0 8.0
el ] i ] i
- i H i i
R=n{ i H i 1
S i i i i
0.0 1.0 2.0 4.0 8.0

Figure 1: Representations in Dekker’s system with 8 = 2, t = 3, Emin = —3, and Enax = 0.
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F={z|z=mz)x ), 371 < |m(@)| < B, Bunin < () < Bax |

o i i i i i
= T T T + 1
S | | H | i
0.0 0.5 1.0 2.0 4.0 8.0
i i i i i i
=i ! ! + ! !
51 ! ! ! ! !
0.0 0.5 1.0 2.0 4.0 8.0
o i i ; i ;
i : i : ! :
=N 1 M H H H
5 ! ' ! ! !
0.0 0.5 1.0 2.0 4.0 8.0
™ i i ; i ]
& 'y 1 1 1 1
< M ' H T !
5 ! ! ! ! !
0.0 0.5 1.0 2.0 4.0 8.0

5, US. DEPARTMENT
o

@) of ENERGY

11/19




Proof of Theorem 1
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Error analysis for Algorithm 1

Si < Si—1 +x; J

= (14 0;)(si—1 + ;)
= (1+0)sic1 + (L+0)z ;5 0] <e
sn = Spey { T pen (14 0) (1 + 0z
= > (L+6,—1)(1 + 0)zx
|Sn — §| == | Zz:1(9n_k + 5]<; + 977,7A76k7)$k|
< % k=1 [mr| + €205y |kl

+ 1(”(,11)1) Zkfl ‘TA‘

These relations remain valid with subnormal numbers.
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1s=0;

2 for i = 1:n

3 s =s + x[il;
4 end

Lemma 3.1. If|6;| <u and p; = £1 for i = 1:n, and nu < 1, then

n AN
TIa+6)" =146,
i=1

where
0, — =Y.
I |71 n

Accuracy and stability of numerical algorithms, 2002.




Error analysis for Algorithm 2

= O;
Yi < €i—1 + T J ;:=o~
5i,€; < Si—1+Yi 3for i = 1:n
i = 1+ ag)(eim1+ ) 5 oy <e ) y = et xlil;
si= (L4 B)(sici+u) 5 1Bl <e o [s,el = add Gop(s,y);
e = —Bi (sic1+9yi) o end

si+e = (1 —a;fi—1)(si-1+ei—1) + (1 + o)z

Snten = Yoy { [l (1= aiﬂi,l)}(l + o)z,
=0 (40, )1 +ap)zr 10| <
|8n+en_'§|:iZTkL 1(~n k+ak+§n kO xk|

1)e 1)e
< LU ST ] ey k| T S [

These relations remain valid with subnormal numbers.
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Error analysis for Algorithm 3

ti, vy < Si—1+ x4 ;: =0:

Wi € Eim1 F i 3 for i,= 1:n
Si, € — ti + w; 4 [t,v] = add_6op(s,x[il);
ti = (1+ o)(si-1 +x D |y < e b wo=e+v;

Uz B ( N az)ESz 1+xz§ ‘ z| = 6 [s,e] = add_60p(t,w);

1 T KA A

d

wp = (14 Bi)(eim1+vi) 5 |Bil <e T en

si = (1+ 7))t +w;) il <e

e = — v (tit+w)

sit+e = (1 —a;fi — Bivie1 — @ifivie1)(si—1 + ei—1) + (1 — ;i fi)x;
~ 1 1)o
[sn + € — 8 < LI5S Yy wnl + 7 0o ekl + T ,JJ S |zl

=22+ ; 7i=¢

These relations remain valid with subnormal numbers.
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What does this buy us?

Table 2: Bounds for 1&nten—3l

using various algorithms at FP64.

Dy e
no compensation 6op double 6op
n derived observed derived observed derived observed
22  4.44E-16 3.08E-17 1.11E-16 0.00E+00 8.63E-32 0.00E+00
24 1.78E-15 4.73E-53 1.11E-16 1.32E-69 3.82E-31 1.32E-69
26 7.11E-15 4.46E-17 1.11E-16 5.69E-20 1.57E-30 9.36E-34
28 2.84E-14 6.97E-17 1.11E-16 3.94E-18 6.30E-30 1.19E-32
210 1. 14E-13 1.57E-16 1.11E-16 1.96E-18 2.52E-29 3.49E-33
212 4 B5E-13 3.73E-16 1.11E-16 5.16E-18 1.01E-28 1.10E-32
214 1.82E-12 2.19E-17 1.11E-16 1.51E-17 4.04E-28 2.96E-34
216 7 28E-12 1.78E-17 1.11E-16 9.22E-20 1.62E-27 5.41E-34
218 2. 91E-11 2.66E-17 1.11E-16 2.99E-19 6.46E-27 2.23E-33
220 1.16E-10 3.58E-17 1.11E-16 1.17E-19 2.58E-26 5.81E-33
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Other applications

e Monte Calo simulations (accumulation)
o Dynamical systems
o Three-body problem (celestial mechanics; chaotic)

e Periodic orbits in a plane resembling the figure-eight shape

ODE system (P;: position; V;: velocity; A;: acceleration)
(v
y P;—P;
Vi=Ai = Yni TR AP
e Time integration

{P.(k“) = ¥ 4+ hy W

AR RV OB W CEED
FP32; h = 271, 10,000 periods; ~12,955 steps each period
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Other applications
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Algorithm 1 (no compensation).

gf’ 7\ / N e / \ / \ & ;’/ NVZ & / \ / \ ¥ “J/ N/ \

\ X \ X \

\/ \ / \ / \/ . AW ) \/ \ / Y% \_/
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Algorithm 2 (6op compensation).

VNV SN | ‘!/i\ /"\\ o /\ /N

\ \ ‘ ‘ ‘
\ X | [ X | \ X \ \

/\ /\
\ /\ / \ /\\ / \ /\ / \

o°-108 108 S7-1.08 108 o7-108 108 o°-108 10 o”’—los

0.3)

Algorithm 3 (double 6op compensation).
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